Motivated by the global phase diagram of antiferromagnetic heavy fermion metals, we study the Kondo effect from the perspective of a nonlinear sigma model in the one dimensional KondoHeisenberg model away from half-filling. We focus on the effects of the instanton configurations of the sigma-model field and the associated Berry phase. Guided by the results derived using bosonization methods, we demonstrate that the Kondo singlet formation is accompanied by an emergent Berry phase. This Berry phase also captures the competition between the Kondo singlet formation and spin Peierls correlations. Related effects are likely to be realized in Kondo lattice systems in higher dimensions.
tions of the n field will also be important; for such configurations, the spin Berry phase is non-zero.
To gain insight into the effect of the Berry phase on the zero-temperature phases of Kondo lattice systems, here we consider the case of AFM spin-1/2 Kondo-Heisenberg model in one dimension. We use the QNLσM basis to study the effect of topological spin excitations, with important guidance provided by the results derived from bosonization method. We show that, when the conduction electron moves in the topologically nontrivial instanton configurations of the n fields, a Berry phase θ term with θ c = π arises. The emergent Berry phase shifts the θ term of the spin chain from π to 0[mod 2π], which in turn gives rise to a spin gap that is characteristic [15] [16] [17] of the Kondo-screened state of the one-dimensional Kondo-Heisenberg lattice. Our results apply to both the insulating case at half-filling, where they are consistent with the result of Tsvelik [18] , as well as the metallic case away from half-filling.
Kondo-Heisenberg model and QNLσM mapping:
We begin with the following one dimensional Hamiltonian
where H 0 = −t i,α c † i,α c i+1,α + h.c., and the fermion spins and spin-half local moments are respectively described by s i = 1 2 c † i,α σ αβ c i,β , and τ i .The Kondo (J K ) and nearest neighbor (J H ) exchange couplings are both antiferromagnetic, and t is the fermion hopping strength. We will work in the regime J K ≪ J H , t, where we can use a continuum approximation for the spin chain. For the latter, we first consider the semiclassical QNLσM mapping [19] , followed by the bosonization method [20] .
In the semiclassical approximation we take
S 2 ) 1/2 + aL i , where the unit vector field n i is the staggered magnetization, and L i is a canting field that satisfies the constraint n i · L i = 0. After integrating out L i we obtain the effective action
and S K respectively describe the QNLσM for the local moments and the Kondo interactions The three terms respectively describe the QNLσM for the local moments, the free electrons, and the Kondo interactions:
Here the topological term iθW [n] corresponds to the Berry's phase due to the instanton configurations of n, with θ = 2πS, and the Pontryagin index
counts the winding number of the instantons. In the semiclassical approximation only the Berry's phase term retains the information about the quantized value of the spin. Based on this mapping, Haldane conjectured that half-integer spin chains characterized by θ = π are gapless, and in contrast the integer spin chains with θ = 2π are gapped [19] . In addition ρ s = J H S 2 a, c = 2J H Sa, respectively denote the spin stiffness and spin-wave velocity, v is the Fermi velocity, k F is the Fermi momentum, and the anticommuting gamma matrices are γ 0 = η 1 , γ 1 = η 2 and γ 5 = iγ 0 γ 1 = −η 3 , with η i 's being Pauli matrices. These Pauli matrices operate on the fermionic spinor
, where R and L are the right and left moving fields, andψ = ψ † γ 0 . The two terms in Eq. 3 with coupling constants λ b and λ f respectively correspond to the backscattering and forward scattering interactions between the fermions and local moments; both are ∝ J K . The ellipsis indicates a four-fermion interaction term, obtained after integrating out L i , that is not important for our purpose. The backscattering term describes the coupling of the staggered magnetization densities of the electrons and spin chain, and the forward scattering term describes the coupling of the uniform magnetization densities. At halffilling, the product of the exponential phase factors is unity due to the commensurability of the conduction electrons and spin chain, and the backscattering term contributes as a relevant operator. Away from half-filling, the product is oscillatory in space, which makes the backscattering term irrelevant and the low energy physics is governed by the forward scattering term.
Bosonization results: Before proceeding with the calculations within the QNLσM approach, we will use bosonization method to gain insight into the Kondo singlet formation [16, 17] and the emergent Berry phase. We show that the abelian-bosonization description of the Kondo-singlet state, when transformed in terms of a nonabelian bosonization method, already suggests an emergent Berry phase.
In the bosonization approach the spin chain is first described in terms of fermions Ψ with frozen charge fluctuations, and the Kondo interaction term is expressed as
Within the Abelian bosonization, the collective charge and spin fluctuations of the electrons are respectively described by the bosonic fields ϕ c , ϕ s and their corresponding dual fields θ c , θ s . The spin fluctuations of the local moments are described by the bosonic field ϕ τ and its dual θ τ . The kinetic energy of the fermions are described in terms of Gaussian actions involving ϕ c , ϕ s , and ϕ τ , and S K becomes
where
Away from the half filling, the low energy physics is controlled by the forward scattering term that is marginally relevant [17] . The cos √ 2πθ − cos √ 2πϕ − coupling is irrelevant and can be ignored. Since the forward scattering operators do not couple the charge and spin sectors, the charge field remains a free field and leads to the metallic behavior in the charge sector. However the spin fields satisfy one of the following locking conditions:
which signals the Kondo singlet formation and an emergent spin gap [16, 17, 21] . As a result of the Kondo singlet formation there is a gapless charge density wave mode at wavevector 2k *
The above can be compared with the insulating system at half filling, where the backscattering and forward scattering operators are respectively relevant and marginally relevant operators. Consequently [15] [16] [17] , the low energy physics is governed by the backscattering term, a potential energy of the form N τ · N s , where N s,τ are the staggered magnetization densities. This form implies that the spin fields will lock into a configuration such that N τ · N s = −1. Combining the energy minimum criterion with the fact that cos √ 2πϕ − and cos √ 2πθ − can not have simultaneous vacuum expectation values, we find two possibilities for the charge and spin fields, either with Eq. (6) and √ 2πϕ c = 2n 3 π, or with Eq. (7) and √ 2πϕ c = (2n 3 + 1)π. The nonzero cos √ 2πϕ c causes a charge gap, leading to a charge insulator behavior. In the spin sector, the above reveals an important insight, which appears not to have been appreciated before: the locking conditions for the spin bosons in the half-filled insulating case and away-from-half-filled metallic cases are identical. This insight will be important in guiding our subsequent analysis of the Berry phase effect in the QNLσM representation.
To anticipate the QNLσM analysis, we now demonstrate the relation between the Kondo singlet formation and topological Berry phase using the non-Abelian bosonization method [20] . The spin sector for the electrons and local moments are described by the SU (2) matrix fields U s,τ and the corresponding SU 1 (2) WessZumino-Witten (WZW) actions
where Γ W Z is the topological Wess-Zumino (WZ) term and Ω 
The locking conditions of the Abelian fields, Eqs. (6,7),
, we find that the Kondo-singlet formation is accompanied by the cancellation between the WZ terms of the spin chain and the electrons. This leaves an effective matrix sigma model without the topological term, which is known to be gapped. If the Peierls type singlet correlation u 0 is suppressed, the WZW action reduces to a QNLσM, and the WZ term transforms into a topological θ = π Berry phase for the QNLσM. Therefore we anticipate that the Kondo singlet formation within a sigma model approach will be associated with an emergent θ = π Berry phase from the electronic part of the action.
QNLσM at half-filling : After gaining insight into the Kondo-singlet formation via bosnization analysis, we turn to the QNLσM approach. At half-filling the problem can be solved in an elegant manner due to Tsvelik [18] . Introducing the non-Abelian bosonization field U s for the conduction electrons, the relevant back scattering term can be expressed as 4λ b u s ·n cos √ 2πϕ c . The energy minimization is achieved for u s = n, √ 2πϕ c = (2n + 1)π or u s = −n, √ 2πϕ c = 2nπ. The conditions u s = ±n imply u 0,s = 0, and the WZ term becomes ±iπW [n] which cancels the θ = π Berry phase term of the spin chain. Consequently we obtain charge and spin gaps. However this approach does not account for the forward scattering terms and can not be applied to the metallic case away from half filling, where a new treatment is required.
Berry's phase from non-Abelian chiral anomaly:
We now analyze the Kondo effect and emergent Berry phase in the QNLσM representation at arbitrary filling. Based on the bosonization results, we see that Kondo singlet formation is accompanied by the 2k * F charge density wave oscillation described by N s ·N τ . Therefore in the sigma model approach we need to find an appropriate fermionic basis such that the component of N s parallel to n has 2k * F charge oscillation (at half-filling due to commensurability 2k * F charge mode remains gapped). Recognizing that N s contains the combination of left and right moving fields, we anticipate that a spin dependent chiral transformation will be needed to describe the appropriate fermionic basis. In the following section we demonstrate that both at and away from half-filling the emergent Berry's phase can be calculated by using a nonAbelian chiral rotation and the associated chiral anomaly [22] [23] [24] . In Ref. 24 the non-Abelian chiral rotation technique has been applied to calculate the Berry phase at half-filling in the absence of the forward scattering term. However the relation between the emergent Berry phase and Kondo singlet formation has not been addressed. We consider this relationship and, in addition, study the forward scattering term to address the metallic case away from half-filling.
We perform a spin-dependent chiral rotation ψ → exp(iφn·σγ 5 )χ. The staggered magnetization transforms into
After taking a dot product with n, we find that only for φ = ±π/4, N s · n demonstrates pure charge density oscillations with 2k * F wavevector. Therefore φ = π/4 is the required chiral rotation angle, which removes the spin dependence of the back scattering term and converts it into iλ b exp(−iπr j − 2ik F r j γ 5 )χγ 5 χ. Therefore at halffilling, the back scattering term becomes iλ bχ γ 5 χ, and causes a charge gap. One can also perform a successive U (1) chiral rotation exp(−i π 4 γ 5 )χ, to transform iχγ 5 χ into a ordinary mass term λ bχ χ. However this is not necessary for the physics in the spin-sector.
Since the functional measure is not invariant under chiral rotation, we need to find the Jacobian of the transformation which leads to the chiral anomaly terms. After an explicit calculation detailed in the supplementary ma-terials [25], we find the Jacobian
The Jacobian consists an emergent θ = π Berry phase term, and two additional terms which renormalize the spin stiffness and spin wave velocity of the QNLσM. The emergent Berry phase cancels the existing π Berry phase of the spin chain, and renders the sigma model field gapped. As a result of the π/4 chiral rotation, the spin sector of the χ fermions also becomes gapped. This can be demonstrated by considering the bosonization of the χ fermions. In the non-abelian bosonization formulation, the spin sector of the χ fermion does not contain the topological WZW term, and the matrix sigma model becomes gapped. The fermionic action transforms into
Since the n field, and the spin sector of χ field are gapped, the interaction between these fields describe the innocuous fluctuations about Kondo singlet phase. To summarize, the spin dependent chiral rotation by angle π/4 incorporates the Kondo singlet formation. In the metallic case away from half-filling, a θ = π Berry phase emerges as a consequence of chiral anomaly. The effects of the Berry phase and instantons in the spin sector turn out to be the same as those at half-filling. The difference between the two cases exists only in the charge sector, and the term causing the gap at half-filling no longer operates away from half-filling.
Competition with spin-Peierls correlations: The emergent theta term highlights the role of instanton configurations of the n field.
We now discuss its connection with the spin-Peierls order parameter. In the semiclassical language spin Peierls order parameter (−1) i S i · S i+1 corresponds to the instanton density a 2 n · (∂ x n × ∂ 0 n). Therefore the instantons of the sigma model are manifestations of the competition between the spin Peierls and Néel order. For the spin one-half case we consider, θ = π and the gaplessness of the spin chain implies the same power law correlation of the Peierls and the Néel order parameters. The Kondo singlet formation is detrimental to both singlet Peierls and triplet Néel correlations, as the system moves away from the gapless point; this competition between two types of singlet correlations is encoded in the emergent π Berry phase term.
This conclusion demonstrates the effect of the emergent Berry phase beyond the description of how Kondosinglet paramagnetic phase transitions out of a Kondobreakdown spin-liquid reference point. The Berry phase also characterizes the competition between the Kondo paramagnet and Kondo-breakdown spin-Peierls phase. While the Fermi momenta of the Kondo-singlet paramagnet are large, those of the spin-Peierls state are small. These paramagnetic phases and their transitions resemble the paramagnetic portion of the global phase diagram that has been proposed for heavy-fermion metals.
In higher dimensions there is a stable Néel ordered AF state, and the instantons are suppressed by finite spin stiffness in the magnetically ordered phase. However in the quantum disordered region the consideration of the instantons becomes relevant, and the associated Berry phase is critical in determining the nature of the emergent valence bond solid phase [26, 27] . Therefore it is conceivable that Berry phase effects related to what we have considered here will be important in dimensions higher than one. 5 )χ, where α is the increment parameter that ranges between zero and unity. Under such transformation, the forward scattering term and the kinetic energy parts respectively transform into
where we have set the Fermi velocity v = 1, and at the end of the calculations we will restore v by dimensional analysis. The Jacobian is evaluated as
where the Dirac operator D α is found by combining all the transformed fermion bilinears. The explicit expression for D α is given by
To extract the non-vanishing contributions to the Jacobian, we need to look for only those terms in D 2 α , which contain the matrices γ 5 and σ, and only the terms proportional to (∂ 0 × ∂ 1 n) · σ lead to the topological theta term. From the D 2 α the following four terms are found to contribute to the topological Berry phase
After combining all four contributions we obtain the net Berry phase f 1 + f 2 + f 3 + f 4 = −iπW [n]. For an arbitrary chiral rotation by angle φ, the net Berry phase due to chiral anomaly can be calculated in a similar manner and the final answer turns out to be −iW [n](4φ − (1 − 2λ f ) sin 4φ). Only for two particular values φ = π/4, π/2, the Berry phase turns out to be independent of λ f . These two angles respectively give −π, −2π Berry phase. As we have explained in the main text only φ = π/4 rotation is consistent with the appearance of pure 2k * F charge density oscillation of N s · N τ .
